In the material science literature we find two continuum models for crystalline defects: (i) A body with (finite) isolated defects is typically modeled as a Riemannian manifold with singularities, and (ii) a body with continuously distributed defects, which is modeled as a smooth (non-singular) Riemannian manifold with an additional structure of an affine connection. In this work we show how continuously distributed defects may be obtained as a limit of singular ones . The defect structure is represented by layering 1-forms and their singular counterparts -de-Rham (n − 1) currents. We then show that every smooth layering 1-form may be obtained as a limit, in the sense of currents, of singular layering forms, corresponding to arrays of edge dislocations. As a corollary, we investigated manifolds with full material structure, i.e., a complete co-frame for the co-tangent bundle. We define the notion of singular torsion current for manifolds with a parallel structure and prove its convergence to the regular smooth torsion tensor at homogenization limit. Thus establishing the so-called emergence of torsion at the homogenization limit.
Introduction
The study of material defects, and notably dislocations, is a central theme in material science. The modeling of solid bodies, with or without defects, often follows a paradigm in which the elemental object is that of a body manifold : solid bodies are modeled as geometric objects-manifolds-and their internal structure is represented by additional structure such as a frame
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Institute of Mathematics, The Hebrew University e-mail: elikolami@gmail.com field, a metric or an affine connection. The mechanical properties of the body enter through a constitutive relation, whose structure is correlated with the geometric structure of the body.
There have been two distinct approaches to the modeling of body manifolds with dislocations:
1. Isolated dislocations: One starts with a defect-free body, which is either modeled as a compact subset of Euclidean space, or as a perfect lattice. Defects are introduced by Volterra cut-and-weld protocols [1] ; see Figure 1 . Note that a perfect lattice may be related to a Euclidean structure by assigning lengths and angles to inter-particle bonds. Fig. 1 Left: An edge-dislocation generated by a cut-and-weld protocol in a continuum setting. Right: An edge-dislocation generated by removing a half-plane in a lattice.
Distributed dislocations:
In the classical literature from the 1950s, the body is modeled as a smooth manifold endowed with a curvaturefree affine connection [2, 3, 4, 5] . If, in addition, one adds a basis of the tangent space at one point, then the affine connection induces a smooth frame field, which is the kinematic model, for example, in [6] . In later literature [7] , the continuum model is that of a Weitzenböck manifold, which is a smooth manifold endowed with a Riemannian metric and a metrically-consistent, curvature-free affine connection (in fact, the vanishing curvature condition has to be replaced by the even stronger condition of trivial holonomy). Note that a frame field induces an intrinsic metric, so that all three descriptions are essentially identical. The density of the dislocations is identified with the torsion tensor of the affine connection.
A longstanding problem has been to rigorously justify the continuum model of distributed dislocations as a limit of (properly scaled) isolated dislo-cations, as their number tends to infinity, in the spirit of other homogenization theories. Such an analysis was recently presented in [8, 9] . Specifically, bodies with either isolated or distributed dislocations were modeled as Weitzenböck manifolds (M, g, ∇). In the case of isolated dislocations, the smooth part of the manifold is multiply-connected, the defects being located inside either non-smooth sets, or "holes", and the connection is the Riemannian (Levi-Civita) connection. A sequence of multiply-connected body manifolds with isolated dislocations may converge to a simply-connected body manifold (M, g, ∇), where ∇ is non-symmetric; that it, torsion arises as a weak limit of torsion-free connections. Moreover, it was shown that every triple (M, g, ∇) can be obtained as a limit of bodies with isolated dislocations.
The work [8, 9] has several shortcomings: (i) The notion of convergence was tailored to the problem, and as a result, does not coincide with prevalent notions of convergence. (ii) The standard mathematical apparatus accounting for singularities is generalized functions (or generalized sections), thus providing a natural setting for convergence. This has been missing here. (iii) In particular, one would hope to recover a notion of singular torsion, in the same spirit as one obtains a notion of singular curvature for cone singularities.
(iv) This analysis requires the consideration of a complete lattice structure, not including, for example, scalar elastic invariants.
An alternative approach to defects, and notably to dislocations, was proposed by Epstein and Segev [10] . Their point of view is that every material structure is represented by one or more differential forms: while smooth structures are represented by smooth differential forms, singularities in structure are represented by their distributional counterparts-de-Rham currents.
Specifically, [10] models the structure of a lattice by means of differential forms termed layering forms which represent Bravais surfaces. In n dimensions, the prescription of a set of n linearly-independent 1-forms ϑ i (a coframe) amounts to Davini's frame field approach [6] , but the points in [10] are:
1. A single layering form may suffice to track the presence of defects. 2. Layering forms can be singular.
In the absence of defects, the layering forms are closed, namely,
In the case of distributed defects, we expect dϑ i = 0, where the 2-form dϑ i is related to the density of the defects. The prescription of n linearly-independent layering forms defines an intrinsic metric, i ϑ i ⊗ϑ i and a material connection, whose path-independent parallel transport Π q p : T p M → T q M between two points p, q ∈ M is given by
where {e i } is the frame field dual to {ϑ i } (here and below we adopt Einstein's summation convention). The generalization of this approach to structures with singularities is as follows: to every smooth 1-form ϑ i corresponds an (n − 1)-current
where Ω k c (M) denotes the module of smooth, compactly-supported k-forms on M (see Section 2 for a short review of de-Rham currents). By definition, the boundary of an (n − 1)-current is an (n − 2)-current
where the second identity follows from integration by parts and the compact support of β. If ϑ i is closed then ∂T ϑ i = 0, i.e., the absence of defects is reflected by the vanishing of the boundary of the current induced by ϑ i . Just like in classical distribution theory, not every (n − 1)-current is induced by a smooth 1-form; structures with singularities are modeled by (n − 1)-currents; the defects are associated with the boundary of those currents that are not induced by smooth forms.
In this work, we show that the homogenization of singular defects can be cast in the framework of weak convergence of currents. To set the stage, we review in Section 2 some basic facts about de-Rham currents. In Section 3, we consider an arbitrary (generally non-closed) smooth layering form β ∈ Ω 1 (M) on the two-dimensional square M = [0, 1] 2 , which we view as representing distributed edge-dislocations. We develop a generic construction of a layering form ν, which approximate β (in a sense made precise), while being smooth and closed everywhere, except on a one-dimensional sub-manifold Γ . Furthermore, interpreting the layering form ν as a 1-current, we show that the boundary of that current is supported on Γ . Thus, view the layering form ν as representing a singular edge-dislocation, whose locus is Γ , and whose intensity is equal to the total intensity of the layering form β.
In Section 4,we show that every (possibly non-closed) 1-form β ∈ Ω 1 (M) can be approximated by a sequence of discontinuous layering forms ν (n) , representing an n-by-n array of edge-dislocations. We construct ν (n) by gluing together properly rescaled versions of the form constructed in Section 3. We then prove that T ν (n) converges as n → ∞ to a 1-current T β ; the convergence is in the sense of weak convergence of currents. We interpret this limit theorem as a statement that every smooth distribution if dislocations is a limit, in the sense of weak convergence of currents, of singular dislocations.
In Section 5, we generalize the analysis to the case where M is an n dimensional manifold equipped with a full lattice structure, that is, a (possibly singular) frame field {e i } n i=1 . We cast in the setting of currents the convergence of parallel transport and torsion. In particular, we define the notion of singular torsion, and show that "the emergence of torsion" as a limit of torsion-free connections, as exposed in [8] , should be re-interpreted as a convergence of singular torsions to a limiting smooth torsion. Further extensions and concluding remarks are presented in Section ??.
De-Rham currents
We start by reviewing the definition of de-Rham currents on manifolds, which are fundamental objects representing singular material structures. For a full introduction see for example the classical monograph of Federer [11] or deRhams [12] . For more recent reviews see also [13, 14] .
Let M be a smooth, compact, orientable n-dimensional manifold with boundary. For every 1 ≤ k ≤ n, let Ω k (M) denote the space of smooth k-forms on M and let
be the module of smooth k-forms compactly-supported in M. Choose a Riemannian metric g on M, and define for every compact K M a family of seminorms φ
where
is the i-th differential of ω (not to be confused with the exterior derivative), and
where · is the norm on Hom(
induced by the metric g. Since M is compact, a different choice of g will give equivalent seminorms; as a result, it makes sense to say that a k-form is C j -bounded without reference to any metric. The seminorms φ
into a Fréchet space, that is, a locally-convex topological vector space which is complete with respect to a translationally-invariant metric [15, p. 9] .
Endow Ω k c (M) with the finest topology for which the inclusion maps
are continuous for all compact K M. It follows that a sequence ω n ∈ Ω 
We endow D k (M) with the weak-star topology: a sequence of k-currents T n converges to a k-current T if
, where A(T ) is the annihilation set of T , i.e., the union of all open subsets U ⊂ M for which T (α) = 0 whenever supp(α) ⊂ U .
For example, every locally-integrable k-form β defines an (n − k)-current
In other words, currents may be viewed as generalized differential forms. Currents also generalize the concept of a submanifold.
The boundary operator of a k-current is a map ∂ :
Since d 2 = 0, it immediately follows that ∂ 2 = 0; moreover, it follows from integration by parts and Stokes theorem that
for every smooth k-form β, 
foliating V ; the action of ω on a vector v ∈ V can be viewed as "the number of hyperplanes" intersected by the vector v. In the case of a smooth manifold M, given a 1-form ν and an oriented curve C ⊂ M, the integral C ν can be interpreted as the (signed) number of ν-hyperplanes intersected by C. Thus, a single 1-form ν on a manifold M, can be viewed as representing a layering form-a density of a family of parallel layers at each point. A 1-form ν induces a smooth layering structure (foliation) for M if it is integrable; that is, if M can be foliated such that the tangent bundle of each leaf coincides with the kernel of ν. It is well known that a sufficient and necessary condition for ν to induce a smooth layering structure is that
Note that for a simply-connected twodimensional manifold, every non-vanishing 1-form induces a smooth layering structure.
If, in addition, the 1-form ν is closed, dν = 0, then it follows from Stokes' theorem that for every simple, oriented, closed curve C ⊂ M, the sum of all the hyperplanes intersected by C vanishes,
where Σ C ⊂ M is any 2 dimensional submanifold of M bounded by C. In other words, there are no "extra" layers, and the layering structure is defectfree. Motivated by equation (1), we may interpret dν as a defect density. Suppose in turn that ν is a 1-form corresponding to an isolated dislocation concentrated on a hyper-surface Γ ⊂ M. By (1), dν = 0 on M \ Γ , and consequently, ν must be singular at Γ .
We next construct an explicit layering form on a two-dimensional manifold, which may represent a singular edge-dislocation in one family of Bravais planes. We first consider a topological rectangle, i.e., a manifold that can be parametrized as follows:
We denote the left, right, top and bottom edges of M by M left , M right , M top and M bottom , respectively. The locus of the dislocation is a one-dimensional submanifold, with we take to be the closed parametric segment
where 0 < a < 1 is a parameter, which will be used later in our homogenization procedure.
Proposition 3.1. Let β ∈ Ω 1 (M) be a nowhere-vanishing 1-form and let 0 < a < 1. Then, there exists a continuously differentiable 1-form ν a on M \ Γ a satisfying the following properties:
(v) The horizontal components of ν a and β coincide,
Before proving Proposition 3.1, we show in which sense the 1-form ν a represents a family of Bravais planes dislocated along the segment Γ a . Since ν a is closed in M \ Γ a , it follows that
Let g be a metric on M, and denote by Γ ε a , ε > 0, a family of ε-tubular neighborhoods of Γ a . By Stokes' law, for every small enough ε > 0,
Since ν a has the same circulation as β,
Letting ε → 0, we obtain
where [ν a ] is the discontinuity jump of ν a along Γ a , whose sign is determined by the orientation of M (hence of Γ ε a ) and Γ a . Note that the 1-sided limits of ν a at Γ a exist since ν a is C 1 -bounded. Moreover, since M is compact, the identity (3) does not depend on the choice of the metric g.
Thus, the defining properties of ν a imply that it does not satisfy the integral version (1) of closedness, and as a result, must have a singularity along Γ a .
Remark 3.1. The singular set Γ a of ν a is evidently uncountable. Generally, if M is a compact two-dimensional manifold with or without boundary, Γ is a submanifold of M, and ν is a C 0 -bounded closed 1-form on M \ Γ , such that there exists a closed curve C for which C ν = 0, then Γ cannot be a finite set. Suppose, by contradiction that Γ = {p 1 , p 2 , . . . , p k } is finite, and assume without loss of generality that all the points in Γ are enclosed by the curve C. Assuming as above a metric g, setting Γ ε = ∪ i B ε (p i ), and performing the same calculation,
If ν is bounded, then the left-hand side vanishes as ε → 0, yielding a contradiction. The physical interpretation of this observation is that there is no such thing as an edge-dislocation supported at a point (or on a line in three dimensions).
Proof (of Proposition 3.1).
We construct ν a as the differential of a discontinuous function f . First, define f 0 : ∂M → R by fixing q 0 = (1, 1/2) and letting
where the integration from q 0 to q is along ∂M counterclockwise. If the circulation of β is non-zero, then f 0 is discontinuous at q 0 . However, its differential is well-defined and smooth at q 0 as it coincides with the tangential component of β.
Next, let
and definef : M\M a → R by integrating β horizontally, from the boundaries inward,f
Denote by p L , p R : M → R the second-order Taylor expansions off about x L = 1/2 − a/2 and x R = 1/2 + a/2 along the x-direction, i.e.,
Let r ∈ C ∞ (R) be a monotonically-increasing function satisfying, r(t) = 0 ∀t ≤ −1/2 and r(t) = 1 ∀t ≥ 1/2.
We extendf to M\Γ a by interpolating between p L and p R , using the smooth "connecting" function r (see Figure 2) , Fig. 2 The three stages in the construction of f : first f 0 is defined on ∂M; nextf is defined on the set |x − 1/2| > a/2 by integrating the horizontal component of β from the nearest vertical boundary; finally, f is extended to the set |x − 1/2| ≤ a/2 by interpolation. The dashed segment connecting Γ a to q 0 is the discontinuity line of f .
We turn to evaluate ν a = df by differentiating (4) . For x > a/2 + 1/2,
where β 1 and β 2 are the components of β,
Similarly, for x < 1/2 − a/2,
While f has a discontinuity along the segment [1/2 + a, 1] × {1/2}, its onesided derivatives along this segment are continuous, as they are expressed in terms of the smooth 1-form β. Moreover,
The 1-form df is continuous at x = 1/2 ± a/2, for example,
y).
A second differentiation shows that ν a is continuously-differentiable at x = 1/2 ± a/2. This together with (7) proves Property (i) and consequently also Property (ii). It remains to prove Property (iv), that df and β have the same circulations. This follows from our construction of f 0 on ∂M,
The 1-form ν a (which is only defined on M \ Γ a ) induces a 1-current on M,
Its boundary is the 0-current,
Integrating by parts, we obtain
where for |x − 1/2| < a/2,
To conclude, we view ν a as a layering form on M having an edge-dislocation concentrated on the hyper-surface Γ a . The locus of the dislocation is revealed by the boundary of the differential current induced by ν a . Note that M \ Γ a is defect-free only to the extent detectable by ν a . Generally, M\Γ a may contain defects detected by other layering forms.
Homogenization of distributed edge-dislocations
We proceed to construct a singular layering form corresponding to an n-by-n array of edge-dislocations, each of magnitude of order 1/n 2 , using Proposition 3.1 as a building block.
For (x 0 , y 0 ) ∈ R 2 , denote by τ (x0,y0) : R 2 → R 2 the translation operator
Likewise, for λ > 0, denote by S λ : R 2 → R 2 the scaling operator
Let n ∈ N be given; for every 0 ≤ k, j < n, let
be translated and rescaled copies of M, forming an n-by-n tiling of M. By construction, ι
is a diffeomorphism (see Figure 3) . Similarly, let
be segments of lengths a/n 2 located at the centers of each square. Finally, denote by
jk , the union of those segments and note that |Γ (n) | = a. Let β ∈ Ω 1 (M) be a layering form. We approximate it by a sequence of singular layering forms,
be the pullback of β (restricted to M
be the singular 1-form defined in Proposition 3.1, with β (n) kj playing the role of β. Pushing forward into M (n) kj , we set
Proposition 4.1. Equation (10) for 0 ≤ k, j < n defines a 1-form
(n) has the same circulation as β in each sub-domain: for every 0 ≤ k, j ≤ n − 1,
Proof. We first show that ν (n) is well-defined and satisfies Property (i). It is obviously smooth in the interior of each M
kj . It remains to prove that it is continuously-differentiable on the "skeleton"
By (9), since the diffeomorphism ι (n) kj is a combination of a translation and a scaling,
which are equalities between functions on M. In particular, for every x, y ∈ [0, 1], and v ∈ {∂ x , ∂ y }
By (5), (6) and (7), the construction of µ 
Since the relation between µ (n) kj and ν (n) is once again a pullback under a combination of scaling and translation, we obtain that ν (n) is continuouslydifferentiable along the skeleton.
We proceed to prove Property (iv): by Property (iii) of Proposition 3.1,
i.e., ν (n) coincides with β on the vertical components of the skeleton. Property (ii) is immediate as µ (n) kj are closed and closedness is invariant under the pullback operation. Finally, Property (iii) follows from Property (iv) in Proposition 3.1,
As in the case of a single dislocation, we define for each n the 1-current induced by ν (n) :
Its boundary ∂T ν (n) is a 0-current given by
Thus, we view ν (n) as a layering form on M having n 2 edge-dislocations concentrated on Γ (n) . The loci of the dislocations are revealed by the boundary of the differential current induced by ν (n) . Here too, M \ Γ (n) is defect-free only to the extent detectable by ν (n) .
Theorem 4.1 (Homogenization). The sequence T ν (n) of 1-forms converges to T β in the sense of currents: for every
Proof. Choose any metric on M; for concreteness we will take the Euclidean metric associated with the parametrization. By our choice of metric, if β = β 1 dx + β 2 dy, then
Thus, so far,
The same bound is obtained for x > 1/2 + a/2n. Finally, for |x − 1/2| < a/2n, using (7), and noting that p L and p R are O(1/n), we obtain that n |µ
where C is some constant. Putting it all together,
Letting n → ∞ we obtain the desired result.
Singular torsion and its homogenization
Thus far, we analyzed a lattice structure through a single layering form, representing a single family of Bravais surfaces. In n dimension, a lattice structure is fully determined by a set of n linearly-independent layering forms, i.e., by a coframe {ϑ i }. Denote by {e i } the frame field dual to {ϑ i }. A frame-coframe structure induces a path-independent parallel transport,
In turn, the specification of a path-independent parallel transport induces a connection ∇ having trivial holonomy, which locally implies zero curvature. By construction, the frame field {e i } and its dual {ϑ i } are ∇-parallel sections,
The torsion tensor associated with ∇ is a T M-valued 2-form τ , given by
Since for every 1 ≤ i, j, k ≤ n,
= ϑ i (τ (e j , e k )), we conclude that dϑ i = ϑ i • τ , or equivalently,
In particular, torsion vanishes if and only if dϑ i = 0 for all 1 ≤ i ≤ n, or equivalently, if [e i , e j ] = 0 for all 1 ≤ i, j ≤ n.
The question we are addressing henceforth is in what sense may the smooth torsion τ given by (13) a limit of torsions associated with singular dislocations. For example, let M, β and ν (n) be defined as in the previous section, and suppose that The question is how to cast a weak convergence of torsion in the framework of de-Rham currents. Torsion is a tangent bundle-valued 1-form. While it is possible to define currents associated with tangent bundle-valued forms, see e.g. [?] , this approach doesn't seem applicable here. A simple heuristic argument shows that if we try to interpret torsion as a distribution for a discontinuous coframe field, we obtain the product of a discontinuous section e i and the derivative of a discontinuous section dϑ i , which is not well-defined. A hint toward a correct interpretation of singular torsion is obtained by considering Burgers circuits: Let C be a simple, oriented, regular closed curve in M. The Burgers vector associated with the curve C is a parallel vector field B [18] , whose value at a reference point p is given by
where Π p is the parallel-transport to p, given by
and γ is a parametrization for C. Interpreting Π p as a T p M-valued 1-form, we rewrite the Burgers vector B p in a more abstract form,
Applying Stokes' theorem,
where ∂Σ = C. Hence,
Thus, having chosen a reference point p, the Burgers vector for a loop C is an integral over the area enclosed by this loop of a Burgers vector density
